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Abstract
The two-dimensional Bivariate Generalized Pareto Distribution (BGPD) of Tajvidi
(1996) is applied in order to estimate the extreme values of the low flow deficit amounts
and durations probabilities. Eight parameters BGPD depends on two one-dimensional
distributions – Univariate Generalized Pareto Distributions (UGPDs). Each of these5
three parameter UGPDs describes the probability of one of low flow indices. To fit
BGPD into observed data a three steps method of estimation is proposed: (1) For a
given shift parameter of each UGPD two others are estimated by the maximum like-
lihood method. (2) For given shifts and the UGPD parameters estimated in the first
step the remaining ones, connected to the bivariate distribution function formula, are10
also estimated by the maximum likelihood method. (3) The best shift pair is chosen
by maximization of the correlation coefficient of the estimated BGPD. The results are
applied to statistical description of the low flow index extremes behaviour at four differ-
ent catchments profiles. To extract the low flow time series data the standard constant
threshold level method is applied. Finally the estimated probabilities are compared to15
the Zelenhasic´ and Salvai (1987) model.
1 Introduction
Before starting the statistical elaboration of a low flow characteristic extreme, a method
of the low flow indices extracting have to be chosen. It should be determined which
flows are low and how the seasonality effects on the extracted low flows data time20
series. Then proper low flow indices should be defined. Full description of the low
flow definitions can be found in monograph edited by Tallaksen and van Lanen (2004).
Here only the indices extracted by the constant threshold level method are considered
and probabilities of their extremes are estimated. To obtain such probabilities the two-
dimensional Bivariate Generalized Pareto Distribution (BGPD) (Tajvidi, 1996) is used.25
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2 Low flow definition
By using the threshold level method two sequences of low flow indices can be deter-
mined from the time series of daily runoffs:
– deficit volumes [in m3]: Dn=
tn1∫
tno
(QL−Q(t))dt;
– durations [in days]: Tn=tn1−tn0+1,5
where tn1 is the n-th low flow of the last day, tn0 is the n-th low flow of the first day, Q(t)
stands for the runoff of t-th day, and QL is the threshold level.
In practice, such low flows time series consist of a big number of minor observa-
tions often mutually dependent on one another. That is why additional criteria should
be applied. Following Zelenhasic´ and Salvai (1987), the following restrictions can be10
imposed; a single drought with duration shorter then the minimum drought duration or
with a deficit lower then αDmax are removed from the extracted low flow time series.
Here Dmax denotes the observed maximum deficit and the fractional coefficient α are
often set to 0.005. The next restriction is set in the form of the inter-drought crite-
rion: two droughts separated by an interval lasting shorter then the critical duration are15
pooled to one another. An example of a typical low flow series observed on the Odra
River (years 1982–1984) in the Polish Lowland1 is presented in Fig. 1.
3 Univariate Generalized Pareto Distribution of low flow indices maximum
Let {Ai}i=1,...,n be a sequence of mutually independent, identically distributed ran-
dom variables with distribution F (x)=Pr(Ai≤x). Sequence {Ai}i=1,...,n stands either for20
1Daily runoff data are obtained from Institute of Meteorology and Water Management, Wro-
claw Branch, Poland.
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deficit volume or its duration. In order to determine of maximum values max
i=1,...,n
Ai = Mn
the Univariate Generalized Pareto Distribution (UGPD) can be applied.
As in the work of Pickands (1975) UGPD is defined for κ<0 as follows:
H(x, κ, σ) = 1 −
(
1 − κ x
σ
) 1
κ
, H¯ = 1 − H, (1)
It can be applied to determining the probability of the extremes estimation if and only if5
lim
b→xF
inf
0<σ<∞
sup
0≤x<∞
|Fb(x) − H(x, κ, σ)| = 0, (2)
where: Fb(x)=Pr(A<x+b |A>b) denotes the conditional distribution of the excess of
the random variable A=Ai , i=1, . . . , n, over the threshold b on the condition that
xF= sup {x:F (x)<1}. The above limit (2) is equal to 0 under the assumption that for
any an>0 and bn there exists the limit10
lim
n→∞Pr
(
Mn − bn
an
≤ x
)
= lim
n→∞ F
n(anx + bn) = G(x), (3)
and G(x) is a non-degenerate distribution function. Let us mention that G(x) is called
the Generalized Extreme Value Distribution.
For further investigation we denote by
Hb(x, κ, α) = 1 − (1 − ακ(x + b))
1
κ , x ≥ 0, α > 0, κ < 0, (4)15
the shifted three parameter UGPD with transformed scale parameter α. It is easy to
verify that the conditional distribution
Pr(A ≤ x + β |A > β ) = Hb(x+β,κ,α)−Hb(β,κ,α)1−Hb(β,κ,α)
= 1 −
(
1 − α1−ακ(b+β)κx
) 1
κ
= H0(x, κ, αb+β)
(5)
862
HESSD
3, 859–893, 2006
Bivariate distribution
of the low flow
extremes estimation
W. Jakubowski
Title Page
Abstract Introduction
Conclusions References
Tables Figures
J I
J I
Back Close
Full Screen / Esc
Printer-friendly Version
Interactive Discussion
EGU
is also a UGPD with another scale parameter and shift parameter b=0. The expected
values for the probability density function h0(x, κ, α) of H0(x, κ, α) can be obtained by
EA =
∞∫
0
xh0(x, κ, αb)dx =
1
αb(κ+1)
, for κ ∈ (−1; 0),
EA2 =
∞∫
0
x2h0(x, κ, αb)dx =
2
α2b(κ+1)(2κ+1)
, for κ ∈ (−0, 5; 0),
E (A |A > β) = 1−αbκβαb(κ+1) =
1
αb(κ+1)
− κβ(κ+1) , for κ ∈ (−1; 0).
(6)
Note that
– the expected values are finite only for limited values of κ;5
– E
(
A |a>β ) is a linear function of β. It means that in stable conditions the expected
value EA obtained for different shifts b should grow similarly to the conditional
expected value E
(
A |a>β );
– the shift parameter b set as a threshold level decreases the number of low flow
events (its connection to the other threshold level QL used for low flow indices10
definition is only indirect) and because of estimation aspects cannot grow too
high.
Practically, these conclusions are the basis of the method of UGPD unknown param-
eters estimation. For a given shift parameter b the two remaining parameters can be
estimated by using the maximum likelihood method. Then estimators satisfying the15
above conditions have to be chosen. The linear increment of the conditional expected
values suggests that the estimator bˆ can be fixed by minimizing the mean square error.
This approach has been applied to daily streamflow by Hisdal et al. (2002), Engeland
et al. (2004) or Jakubowski (2005). The results show difficulties in proper estimation
of the shift parameter b. For some low flow examples fitting the observed annual or20
seasonal maximum drought indices into estimated UGPD is not satisfactory. They are
often distinctly worse than those obtained by the Zelenhasic´ and Salvai (1987) method.
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4 Dependence between low flow indices
The defined above low flow indices of deficit amounts and durations are strictly de-
pendent on one another. An example of this dependency is presented in Fig. 2. For
extracting low flow events all the daily runoffs from the years 1966–2003 of the profile
Cigacice on the Odra River is considered. The threshold level QL is put at 70% the5
other restriction parameters are set as follows:
– fractional coefficient α=0,005;
– minimum drought duration – 5 days;
– drought separating interval duration – 3 days.
In Fig. 2 the asterisks denote the observed annual deficit or duration maximums, the10
crosses denote the other significant droughts. One can notice, especially for small low
flows, that the dependence between these two indices is not linear. Along with the
increase of the low flow durations the tendency of growing deficit increasing becomes
even stronger. It seems that these nonlinear tendencies are the cause of the difficulties
in estimating of the one-dimensional indices distribution.15
5 Bivariate Generalized Pareto Distribution
5.1 Definition
Let
{
A(1)i , A
(2)
i
}
i=1,...,n
be a sequence of mutually independent identically distributed
random variables with distribution function F (x, t). Define as in the one-dimensional
case (M (1)n ,M
(2)
n )=( maxi=1,...,n
A(1)i , maxi=1,...,n
A(2)i ). If for any a
(1)
n >0, a
(2)
n >0, b
(1)
n , b
(2)
n exists20
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the limit
lim
n→∞Pr
(
M (1)n − b(1)n
a(1)n
≤ x, M
(2)
n − b(2)n
a(2)n
≤ t
)
= G(x, t) (7)
and if G(x, t) is a non-degenerate distribution function, then G(x, t) is a Bivariate Gen-
eralized Extreme Value Distribution (Resnick, 1987; Coles, 2001). According to Tajvidi
(1996), H=H(x, t) belongs to the family of Bivariate Generalized Pareto Distributions5
(BGPD) with positive support if
H¯(x, t) =
− lnG(x + x0, t + t0)
− lnG(x0, t0)
, x, t > 0, (8)
H(x, t) =
{
1 − H¯(x, t), where x, t > 0,
0, otherwise,
for some extreme values distribution G with (x0, t0) in the support of G. It can be also
shown by Tajvidi (1996) that10
H¯(x, t)=1−H(x, t)=Pr ((DM , TM ) 6≤(x, t))=
 F¯ pd (x)+kF¯ p/2d (x)F¯ p/2t (t)+F¯ pt (t)
F¯ pd (0)+kF¯
p/2
d (0)F¯
p/2
t (0)+F¯
p
t (0)

1
p
, (9)
where
F¯d (x) = (1 − αdκd (bd + x))1/κd , F¯t(t) = (1 − αtκt(bt + t))1/κt , (10)
0 ≤ k ≤ 2(p − 1), p ≥ 2, κd , κt ∈ (−1; 0), αd , αt > 0,
belongs to the BGPD family. Note that the distribution functions Fd (x), Ft(t) are UGPDs15
and they describe each of the indices separately.
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5.2 Some properties of Bivariate Generalized Pareto Distribution
1. Marginal distributions of H(x, t). By letting t tend to infinity one can obtain
H¯(x,∞) = Pr (DM > x) =
F¯d (x)(
F¯ pd (0) + kF¯
p/2
d (0)F¯
p/2
t (0) + F¯
p
t (0)
) 1
p
, (11)
whence the distribution H(x,∞) has a positive value (probability jump) for x=0.
Marginal conditional probabilities5
Pr
(
DM>x+x0 |DM>x0
)
=
H¯(x+x0,∞)
H¯(x,∞)
=
(
1− αd
1−αdκd (bd+x0)
κdx
) 1
κd
(12)
are UGPDs with scale parameter α= αd1−αdκd (bd+x0) .
2. Conditional probability
Pr
(
(DM , TM ) 6≤ (x + x0, t + t0) |(DM , TM ) 6≤ (x0, t0)
)
=
H¯(x + x0, t + t0)
H¯(x0, t0)
(13)
is also BGPD with shift parameters bd+x0 and bt+t0.10
3. Support of H(x, t). Positive shift parameters bd and bt (in Fig. 3 checked as
simple perpendicular lines) divide a BGPD domain of researched maximums
(xM , tM ) ∈ R2+ into four areas – A, B, C, Z . Points
– with xM≥bd and tM≥bt, (A – area) obviously belong to the domain;
– with xM<bd and tM>bt (B – area) or xM>bd and tM<bt (C – area) are pro-15
jected on the straight lines xM=bd or tM=bt respectively;
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– with xM≤bd and tM≤bt do not belong to the domain (Z-area).
Therefore, with the increasing of the shift parameters values, the number of
events important for the low flow extreme indices estimation decreases. (Refer
to Sect. 3.1.)
4. The density function of BGPD H(x, t)x, t>0 consists of three5
components: h(x, t); h(0, t); h(x,0). Note that the first den-
sity function is two-dimensional, however the other two are one-
dimensional only with the support in the shift lines. The integrals:
∞∫
0
∞∫
0
h(x, t)dxdt= F¯d (0)+F¯t(0)V −1,
∞∫
0
h(x,0)dx=1− F¯t(0)V ,
∞∫
0
h(0, t)dt=1− F¯d (0)V ,
where10
V =
(
F¯ pd (0) + kF¯
p
2
d (0)F¯
p
2
t (0) + F¯
p
t (0)
) 1
p
, (14)
give the probability mass of each of the areas.
5. Correlation coefficient of BGPD (for precise formulas see Appendix A). It value is
calculated for the area A only, and it will be apply below for the estimation of the
shift parameters. Using the standard methods one obtains:15
EDM =
∞∫
0
∞∫
0
xh(x, t)dxdt, for κd ∈ (−1; 0),
ED2M =
∞∫
0
∞∫
0
x2h(x, t)dxdt, for κd ∈
(−12 ; 0) ,
EDMTM =
∞∫
0
∞∫
0
xth(x, t)dxdt, for κd + κt ∈ (−1, 0),
(15)
where h(x, y) is the two-dimensional probability density function of H(x, y).
The above expected values depend on UGPDs: F¯d , F¯t and integrals
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α∫
0
(
1+kt+t2
)β
tγdt. The moments ETM , ET
2
M can be calculated similarly to
EDM , ED
2
M . It means that the correlation coefficient exists for the parameters
κd , κt ∈
(−12 ; 0) only.
6 Estimation of maximum low flow deficit and duration distributions
6.1 Estimation of the BGPD5
Estimation is performed for two-dimensional observations of low flow deficits and dura-
tions. To estimate the distributions of extreme indices the above defined BGPD (Eq. 9)
is applied. As it can be seen above, the BGPD depends on eight parameters. Six of
them are connected with two 3-parameter UPGDs. The final two p, k are related to the
form of the two-dimensional formula (Eq. 9). For the estimation the following method is10
applied:
1. For a given pair of shift parameters bd , bt the four of them (αˆd , κˆd , αˆt, κˆt) are
estimated by the maximum likelihood method, for each of the one-dimensional
indices separately. Each sequence of the index observations is decreased by a
shift parameter then the standard maximum likelihood method is applied. The15
goodness of fit for each of the UPGDs is achieved by using the chi-square test.
To return to the initial values the estimated UGPD αˆ parameter is converted to
αˆ′ using the conditional probability formula (Eq. 5). For further estimation the
pairs of the shift parameters which do not reject the goodness of fit tests are
considered only. The two last pˆ, kˆ are estimated by the BGPD using the maximum20
likelihood method as well. The chosen shift parameters sequences are equal to
the successive ordered low flow deficits and durations.
2. The best shift pair (bd , bt) is chosen by the maximization of the correlation coef-
ficient. This assumption is made because of the non-homogeneity of observed
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low flows. Upon observation, it is suffice to analyse the nonlinear dependence
between deficit amounts and durations (for instance see Fig. 2 above). Along
with the increase of the deficit duration the volumes grow much quicker – this is
clearly visible for short durations. By taking the maximum correlation coefficient
the homogeneity of processed low flow observations is stabilized. To determine5
the correlation coefficient the integrals
α∫
0
(
1+kt+t2
)β
tγdt should be computed
(see Appendix A). The Gauss-Jacobi quadrature method is applied. All com-
putations are carried out for shift pairs with connected estimators κˆd , κˆt in the
interval (−0.5; 0) only. Other pairs, where at least one κˆ stays outside the interval
(−0.5; 0), are omitted.10
3. The goodness of fit of the estimated one-dimensional marginal distributions of ex-
treme annual or seasonal index extremes is obtained by λ-Kolmogorov goodness
of fit test.
6.2 Application of BGPD for determining the probabilities of low flow extremes indices
For the presentation of the above estimation method four catchments are chosen. The15
first catchment – about 40 thousands km2 on the Odra River (Cigacice gauges) is sit-
uated in the Polish Lowland. The second, is a small (50 km2) Sudety Mountains catch-
ment – Mie¸dzylesie profile on the Nysa Klodzka River. The third, is a New Zealand
highland catchment Kuripapango on the Ngaruroro River (370 km2) and the last one
Colwick, UK, on the Trent River (about 7500 km2). For profiles Cigacice2, Colwick and20
Kuripapango all daily observed runoffs are taken into consideration. For Mie¸dzylesie,
however only the summer (May–October) daily runoffs are considered. The annual av-
erage precipitation is varying from 580mm (Cigacice) to over 2000mm at Kuripapango.
2Polish daily runoff data are obtained from Institute of Meteorology and Water Management
Wroclaw Branch, Poland, other from assembled by the ASTHyDA project Global Data Set.
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For the two remaining profiles the average precipitation amount to 760mm (Colwick)
and 870mm (Mie¸dzylesie).
Using the threshold level method with the Zelenhasic and Salvai restrictions the ob-
served low flow deficit amounts and durations are extracted. The threshold level is set
at Q70%, minimum drought duration is put at 5 days, separation criteria at 3 days and5
the coefficient α is set at 0.005. The estimated best pairs of shift parameters (bd , bt)
and the correlation coefficients are shown in Table 1.
The estimation results are shown in Figs. 4–7. They present estimated two-
dimensional probability plots of extreme low flow deficit amounts and durations. As
in Fig. 2 asterisks denote the observed annual or summer maximums of deficits or10
durations, crosses refer to other significant observed droughts. Straight lines depict
the estimated best shift parameters. The quantile curves – constant value probability
lines determine the areas laying left or below them whose estimated probabilities of
non-exceedance (Eq. 9) are equal to 50, 80, 90 and 95%.
Note that shift lines are generally dividing the observed low flow events in two15
classes. The first one (in Fig. 3 denoted as Z-area) consists of many small insignifi-
cant low flows. The deficit amount is slower in its increase depending on their duration.
The second one (in Fig. 3 A-area) contains smaller number of greater low flows with
quicker deficit amount increasing. Such a difference confirms the earlier assumed
non-homogeneity of the observed low flows. Practically, it means that these smaller20
low flows are caused by other hydrological processes than the greater ones. Because
of few observed events, the two remaining areas (B, C) are exerting a small influence
on the bivariate probability behaviour.
Considered above non-homogeneity is observable in the graphs of the quantile
curves similarly. Especially for lower probabilities (in figures for Pr=50%), they tend25
to be moved to the left. This theoretically causes the lowering of the estimated dura-
tion quantiles. As it can be seen below, this effect does not transmit to the marginal
distributions, so for further calculation it is not taken into consideration.
Taking the marginal distributions (Eq. 11) of the estimated BGPD one can compute
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the probability of each of the examined maximum values of the indices. In Figs. 8–11
the probabilities of the non-exceedance of the low flow extreme deficit amounts and
durations are presented. Because of the positive probability values of the marginal
distribution H(x,∞)|x=0 and H(∞, t)|t=0 the one-dimensional distributions of low flow
indices have a discontinuous probability jump set at the estimated shift parameter.5
These jumps, as it was shown in Eq. (11), depend on behaviour of the both researched
indices. And of course they are distinctly lowering the probabilities values obtained by
the investigation of the UGPD only. We note that the probability jumps of the deficit
amount are laying much lower than the respective probabilities for the low flow dura-
tions. It also follows from the non-homogeneity of the observed magnitudes of the low10
flow indices.
Goodness of the fitting into the marginal BGPDs are achieved by making use of the
λ – Kolmogorov test. The results are shown in Table 2. Hypotheses of the goodness of
fit are not rejected at any of the investigated cases.
6.3 Comparison to Zelenhasic´ and Salvai (1987) model (ZS model)15
For the determination of the probabilities of maximum low flow indices by Zelenhasic´
and Salvai model the formulae
G(x) = Pr(E = 0) +
∞∑
k=1
F k(x) Pr(E = k) (16)
is applied, where the probabilities are estimated for annual or seasonal data and
– G(x) is a searched distribution function of maximum low flow indices;20
– E is an estimated number of low events in the season;
– F (x) is an estimated distribution function of the low flow indices.
The Figs. 12–15 show the differences between the results. A tendency to overesti-
mate quantiles in ZS model (NIZOWKA program – Jakubowski and Radczuk, 2004)
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is observed, especially for high probabilities of non-exceedance. Only in the case of
the Cigacice profile the probability of the observed maximum indices (low flow deficit
amount) is nearly equal in the both methods of estimation. All other indices show lower
probabilities of the non-exceedance. It means that ZS model permits too high low flow
threat than it is in reality.5
7 Conclusions
1. The proposed Bivariate Generalized Pareto Distribution fits very well in the ob-
served shifted extremes of the low flow indices (deficit and duration). The only
problem of the estimation are the lower than −0.5 values of κˆd estimator. There
are some profiles where κˆd is always lower then −1. This tendency is not observ-10
able for the κˆt estimator.
2. Because of the high values of shift parameters (in all researched cases) the ob-
served low flows show distinct statistical non-homogeneity. It means that the
different hydrological processes results in the arising of the huge and minor low
flows.15
3. The estimated correlation between two low flow indices (deficit amount and du-
ration) is very high – in each case it oversteps 0.9. This is why the distribution
estimation of the extremes of the low flow indices should not be considered alone
one from another.
4. Some of profiles show substantial seasonal non-homogeneity.20
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Appendix A
Expected values of BGPD
1. First moment:
EDM =
∞∫
0
∞∫
0
xh(x, t)dxdt =
1 − αdκd
αdκd
(
F¯d (0) + F¯t(0)
V
− 1
)
5
+
k(2−p)
2V pαdκd (1+κd )
F¯ 1+κdd (0)I
 F¯
p
2
t (0)
F¯
p
2
d (0)
,
1
p
−1,0
+F¯ 1+κdt (0)I
 F¯
p
2
d (0)
F¯
p
2
t (0)
,
1
p
−1, 2κd
p


+
(4−k2)(1−p)
2V pαdκd (1+κd )
F¯ 1+κdd (0)I
 F¯
p
2
t (0)
F¯
p
2
d (0)
,
1
p
−2,1
+F¯ 1+κdt (0)I
 F¯
p
2
d (0)
F¯
p
2
t (0)
,
1
p
−2, 2κd
p
+1

 .
The first moment is finite when κd ∈ (−1; 0).
2. Second moment
ED2M =
∞∫
0
∞∫
0
x2h(x, t)dxdt =
(
1 − αdκd
αdκd
)2(
F¯d (0) + F¯t(0)
V
− 1
)
10
+
(1 − αdκd )k(2 − p)
V pα2dκ
2
d (1 + κd )
F¯ 1+κdd (0)I
 F¯
p
2
t (0)
F¯
p
2
d (0)
,
1
p
− 1, 0
 + F¯ 1+κdt (0)I
 F¯
p
2
d (0)
F¯
p
2
t (0)
,
1
p
− 1, 2κd
p


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+
(1 − αdκd )(4 − k2)(1 − p)
V pα2dκ
2
d (1 + κd )
F¯ 1+κdd (0)I
 F¯
p
2
t (0)
F¯
p
2
d (0)
,
1
p
− 2,1

+ F¯
1+κd
t (0)I
 F¯
p
2
d (0)
F¯
p
2
t (0)
,
1
p
− 2, 2κd
p
+ 1


− k(2 − p)
2V pα2dκ
2
d (1 + 2κd )
F¯ 1+2κdd (0)I
 F¯
p
2
t (0)
F¯
p
2
d (0)
,
1
p
− 1, 0

5
+ F¯
1+2κd
t (0)I
 F¯
p
2
d (0)
F¯
p
2
t (0)
,
1
p
− 1, 4κd
p


− (4 − k
2)(1 − p)
2V pα2dκ
2
d (1 + 2κd )
F¯ 1+2κdd (0)I
 F¯
p
2
t (0)
F¯
p
2
d (0)
,
1
p
− 2, 1

+ F¯
1+2κd
t (0)I
 F¯
p
2
d (0)
F¯
p
2
t (0)
,
1
p
− 2, 4κd
p
+ 1

 .
The second moment is finite when κd ∈
(−12 ; 0).10
Moments ETM and ET
2
M can be calculated in a similar way.
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3. Mixed moment
EDMTM =
∞∫
0
∞∫
0
xth(x, t)dxdt =
1 − αtκt
αtκt
EDM +
1 − αdκd
αdκd
ETM
− 1 − αtκt
αtκt
1 − αdκd
αdκd
(
F¯d (0) + F¯t(0)
V
− 1
)
− k(2 − p)
2V pαdκdαtκt(1 + κd + κt)
F¯ 1+κd+κtd (0)I
 F¯
p
2
t (0)
F¯
p
2
d (0)
,
1
p
− 1, 2κt
p

+ F¯
1+κd+κt
t (0)I
 F¯
p
2
d (0)
F¯
p
2
t (0)
,
1
p
− 1, 2κd
p


5
− (4 − k
2)(1 − p)
2V pαdκdαtκt(1 + κd + κt)
F¯ 1+κd+κtd (0)I
 F¯
p
2
t (0)
F¯
p
2
d (0)
,
1
p
− 2, 2κt
p
+ 1

+ F¯
1+κd+κt
t (0)I
 F¯
p
2
d (0)
F¯
p
2
t (0)
,
1
p
− 2, 2κd
p
+ 1

 .
The mixed moment is finite when κd+κt ∈ (−1; 0).
The parameter V is defined by Eq. (14) in Sect. 5.2 and the integral:
I(α,β, γ)=
α∫
0
(
1+kt+t2
)β
tγdt. Since γ>−1, the integral I is always finite.
10
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Table 1. The best shift parameters estimated by the correlation coefficient maximization.
Profile
Years of
the observed
runoffs
Observed maximum of Shift parameter for Correlation
coefficient
deficit in
millions m3
duration
in days
bd -deficit in mil-
lions m3
bt-duration in
days
Cigacice 1966–2003 1371.686 270 74.650 39 0.9312
Colwick 1959–2000 266.722 180 10.353 17 0.9063
Kuripapango 1965–2000 39.917 113 3.859 23 0.9386
Mie¸dzylesie 1966–2003 2.471 178 0.134 24 0.9315
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Table 2. The λ-Kolmogorov test; goodness of fit into marginal BGPD.
Profile
Number of the low flow events λ-Kolmogorov test;
over shift parameters values for low flow
deficit amounts durations deficit amounts durations
Cigacice 30 29 0.477 0.400
Colwick 71 70 0.661 0.504
Kuripapango 54 52 0.365 0.261
Mie¸dzylesie 35 34 0.374 0.419
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Fig. 1. The Odra River, Cigacice profile; an example of the low flow indices.
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Fig. 2. The Odra River, Cigacice profile; an observed low flow deficits and durations.
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Fig. 3. Support of the Bivariate Generalized Pareto Distribution (Tajvidi, 1996).
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Fig. 4. The Odra River, Cigacice profile; an annual low flows – fitting into the Bivariate Gener-
alized Pareto Distribution.
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Fig. 5. The Trent River, Colwick profile; an annual low flows – fitting into the Bivariate General-
ized Pareto Distribution.
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Fig. 6. The Ngaruroro River, Kuripapango profile; an annual low flows – fitting into the Bivariate
Generalized Pareto Distribution.
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Fig. 7. The Nysa Klodzka River, Mie¸dzylesie profile; a summer low flows – fitting into the
Bivariate Generalized Pareto Distribution.
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Fig. 8. The Odra River, Cigacice profile; an annual low flows – fitting into marginal distributions
of the low flow maximum deficit volume and duration.
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Fig. 9. The Trent River, Colwick profile; an annual low flows – fitting into marginal distributions
of the low flow maximum deficit volume and duration.
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Fig. 10. The Ngaruroro River, Kuripapango profile; an annual low flows – fitting into marginal
distributions of the low flow maximum deficit volume and duration.
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Fig. 11. The Nysa Klodzka River, Mie¸dzylesie profile; a summer low flows – fitting into marginal
distributions of the low flow maximum deficit volume and duration.
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Fig. 12. The Odra River, Cigacice profile; an annual low flows – comparison between the low
flow deficit and duration quantiles obtained by fitting into the BGPD and ZS model.
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Fig. 13. The Trent River, Colwick profile; an annual low flows – comparison between the low
flow deficit and duration quantiles obtained by fitting into the BGPD and ZS models.
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Fig. 14. The Ngaruroro River, Kuripapango profile; an annual low flows – comparison between
the low flow deficit and duration quantiles obtained by fitting into the BGPD and ZS models.
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Fig. 15. The Nysa Klodzka River, Mie¸dzylesie profile; a summer low flows – comparison be-
tween the low flow deficit and duration quantiles obtained by fitting into the BGPD and ZS
models.
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